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We discuss the notion of bound entanglement (BE) for continuous variables (CV). The question
of its “volume” in the set of all states is rised. It is proved that any proper subset of the set of
continuous variables bipartite mixed states which is (i) closed, and (ii) invariant under one side local
transformations is nowhere dense in the whole set of the states. From that follows that if we proved
that the set of BE states for CV was closed, then this set would have a “ zero volume” in the set of
all states. We present the strong evidences that it is the case for the BE known so far, namely the
ones represented by entangled states with positive partial transposition (PPT). This distinguishes
significantly quantum CV systems from the spin like ones.
PACS numbers: 03.65 Bz, 03.67.-a
I. INTRODUCTION
Bound entanglement (BE) [1] is the entanglement which can not be distilled in the sense that no pure state
entanglement can be obtained from it by means of local operations and classical communication (LOCC) [2]. So far,
it has been studied mainly for spin like systems. These studies allowed to discover many interesting properties of the
bound entanglement, for both bipartite [3], and multiparticle systems [4]. Recently, much attention has been attracted
by continuous variable (CV) systems (c.f. [5]). Bound entanglement has been also considered for continuous variables
(CV), and the first nontrivial examples of BE states for CV has been constructed [6]. The idea of construction of BE
state for CV system was similar to the one used for spin systems, for which it has been proven that any entangled
state with positive partial transpose [7] is not distillable [1]. One of the most difficult elements of the construction
was to create the state in such a way that it cannot be obtained simply by embedding the spin bound entangled state
into the CV Hilbert space.
The particular example % of CV BE state was first of all assumed to satisfy the condition that its positive partial
transpose %TB , defined as
%TBmµ,nν ≡ 〈m,µ|%TB |n, ν〉 = %mν,nµ, (1)





build from infinitely many “copies” of the same 3⊗ 3 1 bound entangled state σ labeled by σn. Each of σn has the
matrix elements of the original σ, but in the basis Sn = {|i, j〉}3n+3i,j=3n. Here {pi}∞i=1 is an infinite sequence of nonzero
probabilities,
∑∞
i=1 pi = 1. The bound entanglement of the CV state σ˜ is in a certain sense spurious, as it can be in
principle reversibly converted by means of local operations and classical communication into the 3⊗ 3 entanglement.
We could easily take another example, similar to the one above, with σn acting in kn⊗kn Hilbert space with kn →∞,
and σ˜ being block diagonal as in (2). However, we see that this would still be a mixture of “locally orthogonal”
spin states, which does not exploit the CV Hilbert space structure fully. In fact, such CV BE states, if they were
produced by the random mixture, they could be easily “decoupled ” by local projective measurements and classical
communication.
Thus, we propose to define generic BE states for CV as the states from which no pure entanglement can be distilled,
and they cannot be represented by the ”spurious” states of the above sort. This is a somewhat fenomenological
1Subsequently we shall use the notation n⊗n for the case of quantum system defined on the Hilbert space H = Cn⊗Cn. The
space shall be sometimes called “n ⊗ n space”.
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definition, but it allows to single out some features of the generic CV BE state that we need. The first attempt to










with the following definitions of the symbols: |Ψ〉 = ∑∞n=1 an|n, n〉 |Ψ〉 ∈ H = l2(C) ⊗ l2(C) (that means that, if
normalized, the vector |Ψ〉 can describe a state of two modes of the quantized electric field, or more generally two
harmonic oscillators) with the finite norm ||Ψ||2 = ∑∞n=1 |an|2 = q <∞, and vectors
|Ψmn〉 = cman|n,m〉+ (cm)−1am|m,n〉, (4)




m>n ||Ψmn||2 is finite.
(the latter condition can be achieved for example by setting an = a
n, cn = c
n, for some 0 < a < c < 1, see [6]).
The state (3) has the following properties: (i) it is bound entangled, as it has PPT property (i. e. it has positive
partial transpose); (ii) it is not a simple “direct sum” of finite spin BE states in a sense of the “spurious” examples (2)
discussed above. The examples of BE for CV described above have been shown to be realizable physically (see [6]).
Quite recently, a Gaussian BE state with PPT property for CV has been constructed using an elegant ”subtraction
method” [8], based on the formalism first developed for spin systems in Refs. [9,10]. This result was a little surprising
since for Gaussian states in systems of two harmonic oscillator modes (one of Alice, one of Bob), i.e. in the, so called,
Gaussian 1×1 case, it has been shown that no bound entanglement exist - such Gaussian states were either separable
[11,12], or distillable [13]. In another words, in this case PPT property is a necessary and sufficient condition for
separability, and nondistillability. This result can be extended to the case 1×N , but not further, as the Ref. [8] shows.
If Alice and Bob have two or more harmonic oscillator modes at their disposal, then there exist states which have the
PPT property, but are, nevertheless, entangled. The existence of such Gaussian states was shown by considering their
covariance matrix and its null subspaces. First, it was noted that the Gaussian state is separable, iff its covariance
matrix can be minorized by some block diagonal covariance matrix. Second, the characterisation of PPT states in
terms of covariance matrix has been found. Finally, the explicit construction has been performed using the analysis
of the range and the “subs-traction method” of Refs. [9,10]. The approach of Ref. [8] can be used further to analyse
the multiparticle entanglement. In particular, there is a hope that one can try to “split” the covariance matrix of
n× n state in a way to get m×m×m state with some bound entanglement properties.
II. QUESTION OF GENERICITY
There is one open question whether the CV entanglement represents a generic entanglement in the sense that it
has infinite Schmidt number (see [14]), i. e. whether it is the limit of matrices whose Schmidt number goes to infinity.
This means that, in principle, in order to generate the state, one would have to be able to generate the states of
arbitrary Schmidt rank. However, some of the CV BE states similar to “spurious” ones could have also this property
- if a finite dimensional n ⊗ n PPT states with Schmidt rank of order O(nα) with some 0 < α ≤ 1 existed, then we
could put in the expression (2) the kn ⊗ kn states σn with the rank O(kαn ) where say kn+1 = 2(
∑n
i=1 kn). Thus, we
see that in order to describe the generic CV entangled states it seems reasonable to require the stronger version the
notion of infinite Schmidt rank number. Intuitively, it should mean that the pure states with infinite Schmidt rank
are necessarily involved in the mixed state representation. One possible definition would be that a generic CV state
with infinite Schmidt rank should be necessarily of the form % =
∑
i pi|Ψi〉〈Ψi|, with |Ψi〉 not enœhΦΦnecessarily
orthogonal, but with at least one Ψi of infinite rank. Such states obviously exist – take for instance one pure state of
infinte Schmidt rank, or a convex combination of two such states. However, in the above definition the precise notion
of the decomposition in the CV case in the sense of Ref. [15] has to be specified. Another possible definition (which
seems to be significantly weaker) would be to require the generic CV state to be the limit of n⊗ n states of Schmidt
rank nα for some 0 < α ≤ 1.
Concerning BE states - we do not know whether there exist any BE for CV with PPT property, having at the same
time that feature of being generic CV, whatever it would mean. It is worth stressing at this point that according to
the results of Ref. [16], PPT entangled state in n⊗ n space are expected to have Schmidt number smaller than n. In
fact, in the appendix, we present the arguments analogous to those used in Ref. [16] that the PPT bound entangled
states in n ⊗ n space either have the Schmidt number of order O(1), or their partial transposed have this property.
It is possible, however, that the recently introduced and analysed Gaussian bound entangled states [8] satisfy all
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requirement as being “good” as far as CV genericity is concerned. It would thus be interesting to analyze the Schmidt
number of those states.
III. IS BOUND ENTANGLEMENT FOR CONTINUOUS VARIABLES A RARE PHENOMENON?
Once we have some examples of BE for CV, it is interesting to ask how frequent it is, i. e. how many states of that
kind are in set of all quantum CV states ?
The question of how many quantum states having some interesting property are there is very natural. In the context
of entanglement it was first considered in Ref. [17], where the problem of the volume of separable (nonentangled) states
in the set of all bipartite states of spin systems was considered. The numerical evidence has shown that the volume
of the set of separable states approaches zero when the size of the spin goes to infinity. It was also shown that for
any finite spin system the volume of separable states is nonzero due to the existence of a separable neighborhood,
i.e. there exists a ball of separable states of nonzero volume in the vicinity of the maximally mixed state in arbitrary
dimension. This rised a series of questions concerning the interpretation of experiments of quantum computing based
on high temperature NMR; many interesting analyses have been performed in this context [18].
The question of the “size” of the subset representing separable states has been recently rised [19] for continuous
variables; it has been show that for bipartite states the subset of separable states is nowhere dense, i.e. it does not
contain any ball or, in another words, it has a “zero volume”. On the other hand, as we recalled above, there exists
another subset of states which are of interest in the context of entanglement. This is the set of the bound entanglement
states [1]. This kind of entanglement cannot be distilled in the distillation process consisting of LOCC [2].
The properties of the set of bound entangled states have been discussed extensively for the finite dimensional case. It
is known, for instance, that if an entangled state has a positive partial transpose (PPT), than it necessarily represents
bound entanglement [1]. There are evidences that the converse is not true [20]. In the context of recent results it is
almost certain, however, that (PPT) bound entanglement is the only one having the property of additivity [21].
We do not know whether bound entangled states with negative partial transpose (NPPT) exist, but as PPT bound
entanglement has a very nice additivity property, it is natural to ask about its volume. The numerical analysis of Ref.
[17] shows that for the finite dimensional case, the volume of set of PPT states approaches zero with the dimension
going to infinity. Thus, in particular PPT BE becomes more and more rare in higher dimensions. In this paper we
pose the question of the size of the set of PPT BE just in the limit. We shall see below that if the set of BE states
is closed, than it has a zero volume. We shall give evidence that this is the case for BE represented by PPT states
within set of bipartite states defined on infinite dimensional Hilbert space. In this case, following the approach of
paper [19] we shall prove the general statement that any proper closed subset of bipartite states which is invariant
under local transformations is nowhere dense, i. e. it does not contain any ball of finite volume. This generalizes the
results of Ref. [19]. and (as we shall see) strongly suggests that the BE having PPT property has a zero “volume” in
the set of CV entangled states.
IV. ON THE VOLUME OF CONTINUOUS VARIABLES BOUND ENTANGLED STATES
In order to demonstrate the statements of the previous section, we first need to recall notions of several necessary
tools, which have been used in Ref. [19]. Let B(H1)⊗B(H2) stand for bounded operators on Hilbert spaceH = H1⊗H2
describing our bipartite system. We assume that at least one of the subsystems is described by CV, and hence it has
the infinite dimension.
Now, consider a third auxiliary system described by H3. It is convenient to describe all states in H = H1 ⊗ H2
as reduced states of some pure states in the extended space H ⊗ H3. If we have a pure state |v123〉〈v123| in the
extended space, then the reduced state Tr3(|v123〉〈v123| is denoted by %12. Let us denote by T the set of all states on
B(H1)⊗ (H2). This is a set of unit trace operators with nonnegative spectrum. We shall also endow this set with the
norm topology || · ||T , ||A||T ≡ Tr(
√
A†A). Now, one defines [19] the map Φ from the unit sphere S representing all
wavefunctions form H⊗H3 to the set of states T in the following way :
Φ(v123) = Tr3(|v123〉〈v123|) = %12. (5)
The map Φ : S → T is continuous (in the norm || · ||T ) and onto. In particular it maps dense subsets onto dense
subsets (see [19] for explanation).
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One more notion needs to be introduced. Consider the set of all vectors X = u123 = A⊗I⊗Iv123 for all A ∈ B(H1).
The vector v123 is called 1-cyclic (see [19]) if the closure of X in the norm || · ||T turns out to be the whole space
H1 ⊗H2 ⊗H3. The physical interpretation of cyclic vectors in both finite dimensional, as well as in the CV case -
those are the vectors which have maximal possible Schmidt rank .
Now we consider the following simple
Observation .- Let the set D be (i) a proper closed (in || · ||T norm) subset of the set of states T which is (ii)
invariant under the operations A⊗ I. Then any vector v123 satisfying Φ(v123) ∈ D cannot be 1-cyclic.
The above observation is a natural generalization of the Lemma 1 of Ref. [19]. To show this, consider such vector
v that its “reduction” Φ(v) belongs to D, and take any vector
v′ = A⊗ I ⊗ I(v) (6)
defined for arbitrary A, such that ||v′|| = 1. We shall show first that Φ(v′) also belongs to D. Indeed (see [19]) we
have Φ(v′) = A⊗ IΦ(v)A† ⊗ I and (because the norm of v′ is one) the trace Φ(v′) is one. But, because the set D is
closed under the operation A⊗ I(·)A† ⊗ I , we see that Φ(v′) still belongs to the set.
Now suppose that v were 1-cyclic. Then, that the set M of all vectors v′ would be dense in the unit sphere S of all
normalized vectors belonging to H⊗H3. As the map Φ is continuous and onto, it certainly would map M onto some
new set denoted by Φ(M), which would be dense in set of all bipartite states T . Thus closure of Φ(M) must have
give all T . But, on the other hand any element of Φ(M) (which is defined as Φ(v′) for some vector v′ of the form (6))
belongs to D. As the latter is closed, the closure of Φ(M) would have to be a subset of D. But D was supposed to
be closed and strictly smaller than the set T , so the closure of Φ(M) can not be equal to T . This gives the required
contradiction. The above reasoning follows the line of the proof of Ref. [19]. The only difference is that instead of
the specific set of separable states considered there, here we have considered an abstract set D, which some special
properties.
Now, to show that the PPT BE states have a zero volume one would have to show that it is (i) invariant under
local operations of the type A⊗ I (see above) (ii) closed in the trace norm || · ||T .
The first property (i) is immediate, since a bound entangled state cannot be converted info a free entangled state
by means of local operation. The second one is not so obvious for continuous variables. Below we shall present a
strong evidence showing that it is true for bound entanglement states that are represented by PPT states.
To this aim we argue that
Observation.- The PPT property is invariant under the one side local action A⊗ I(·)A† ⊗ I.
The proof is simple - the arguments of Ref. [1] can be applied (see also [6]) to show that any local separable
superoperator cannot cause that the state looses the PPT property. Now consider the
Conjecture 1.- The set of all states with PPT property is closed in the norm || · ||T .
To find arguments for closeness of the set of PPT states, we consider the sequence of PPT states %n convergent to
some state %. Now, take the partial transposition of the latter %TB and consider
〈ψ|%TB |ψ〉 = 〈ψ|%TBn |ψ〉+ 〈ψ|%TB − %TBn |ψ〉. (7)
We want to show that % is PPT, and for that it is enough to prove that
〈ψ|%TB − %TBn |ψ〉 (8)
approaches zero as n goes to infinity. For this it is enough to have one more important property which would allow
us to treat the problem simply:
Conjecture 2.- The partially transposed operator defined in matrix representation by (1) is a bounded operator in
the sense that 〈ψ|%TB |ψ〉 ≤ a, for any unit vector ψ ∈ H1 ⊗H2 and some positive a.
In fact, we can see that Tr((|Ψ〉〈Ψ|)TB%) ≤ 1 because following Schmidt decomposition of pure quantum state
(|Ψ〉〈Ψ|)TB is a bounded operator with operator norm not greater then one. So it is probable that in the above
formula a ≤ 1 holds. Note that because %TB is hermitian by construction the above conjecture implies the boundness
in the sense of usual operator norm ||A|| = ||A|Ψ〉||max ||Ψ||≤1.
The above statement seems to be true as we can expect that PPT of % is a Hilbert-Schmidt operator. In fact
we have
∑∞










mµ,nν |%mν,nµ|2 < ∞. The above
calculus is correct because it involves the permutation of the convergent series consisting of positive elements.
All seems to be correct in the above argumentation. There is only one subtle point: we have shown that %TB is
Hilbert-Schmidt assuming that its multiplication can be considered in the standard matrix sense (in a fixed basis).
But, to have one to one correspondence between matrices and operators, we should know that the matrices come from
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bounded operators [22]. Thus, the above reasoning is an evidence of the boundness of %TB , rather than the genuine
proof.
If some operator is bounded than its completely defined by its matrix representation and infinite matrix calculus
is equivalent to the operator calculus i. e. it always gives the same results [22]. So, if %TB were bounded then
indeed in the matrix representation we would have the following relations (which were true in for the corresponding
operators) : |Tr[(%TBn − %TB )(%TBn − %TB )]| = |Tr(%n − %)2)|. Now, for any positive An, if Tr(An) → 0, then also
TrA2n → 0. Putting %n − % and remembering that we have assumed Tr|%n − %| → 0 we get immediately that
the sequence cn = Tr[%
TB
n − %TB )2] converges to zero. But, on the other hand the element of the sequence is the
series
∑∞
i,j=1 |〈Ψi|%TBn − %TB |Ψj〉|2 for any fixed orthonormal basis |Ψi〉. Thus for any unit vector |Ψ〉 (viewed as the
member of the basis) we must have |〈Ψ|%TBn − %TB |Ψ〉| → 0. But it means that (8) goes to zero, which proves that if
the conjecture 2 is true then the set of PPT states is closed in trace norm.
V. CONCLUSIONS
In this paper we have considered the bound entangled states for continuous variables. We have presented some new
examples of states of this kind and discussed their generosity from the point of view of CV and their Schmidt number.
In the appendix we have presented an evidence that all PPT BE state in n⊗ n systems either have Schmidt number
smaller that O(1), or their partial transposes have this property. In the main part of the paper we have presented the
evidence that the volume of the set of PPT BE states in the set of all CV states is zero. This is in agreement with
the recent result [19] about zero volume of set of separable states in CV case.
We thank Anna Sanpera, Dagmar Bruß and Ignacio Cirac for useful discussions. This work has been supported
by the DFG (SFB 407 and Schwerpunkt “Quanteninformationsverarbeitung”) and European Union Programm IST
“EQUIP” (IST-1999-11053). Part of the work was completed at The Erwin Schro¨edinger International Institute for
Mathematical Physics, during the Program “Quantum Measurement and Information”, Vienna 2000.
APPENDIX A: SCHMIDT NUMBER OF PPT BE STATES FOR N ⊗N SYSTEMS
In this appendix we essentially repeat the arguments used in the Ref. [16] to support the conjecture that in 3⊗ 3
systems all PPT BE states have Schmidt number 2.
We consider now the n⊗n case, with n large. Let r(ρ) denotes the rank fo ρ; our aim is to present a strong evidence
for the following conjecture:
All PPT entangled states in n⊗n systems either have Schmidt number of the order of O(1) or their partial transposes
have this property.
Note, that this conjecture concerns for instance projections of the PPT BE state (3) onto n⊗n spaces. We observe
that
• It is enough to show the conjecture for the, so called, edge states [10,23,24] , i.e. the PPT states δ such that
there exist no product vector |e, f〉 in their range, such that |e∗, f〉 is in the range of the partially transposed
operator δTA .
• Let r(ρ) denotes the rank of ρ. It is likely that it is enough to prove the conjecture for the edge state of maximal
ranks [10], i.e. those whose ranks fulfill r(δ) + r(δTA) = 2n2 − 2n + 1. We expect that such states are dense
in the set of all edge states. To show the latter statement, we consider an edge state δ˜ which does not have
maximal ranks. We can always add to it infinitesimal amount of projectors on product vectors destroying the
edge property. The resulting state ρ would have more product states in its range, projectors on which can be
subtracted from this state, that the product states used to destroy the edge property. Subtracting projector on
product states different from the latter ones, would typically allow to construct an edge state δ with maximal
ranks, which would be infinitesimally close to δ˜ in any norm.
• Let R(A), K(A) denotes the range and kernel of A, respectively. The canonical form of an non decomposable
entanglement witness that detects the edge state δ is ( [23,24], see also [25])
W = P +QTA − I, (A1)
where the positive operators P,Q have their ranges R(P ) = K(δ), R(Q) = K(δTA), and  > 0 is sufficiently
small so that for any product vector 〈e, f |W |e, f〉 ≥ 0.
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• If we can show that for any edge state with maximal ranks and any corresponding witness W detecting its
entanglement, there exist a vector |ψs〉 of Schmidt number s such that 〈ψs|W |ψs〉 < 0, then we would conclude
that all edge states with maximal ranks, and thus all edge states, and thus all PPT entangled state have the
Schmidt number < s. Equivalently, it is sufficient to show that 〈ψs|W + I|ψs〉 ≥ 0.
Let us therefore try to construct the desired vector |ψs〉 of Schmidt number s. In general such (unnormalized)





where li are arbitrary complex coefficients for i = 1, . . . , s, and |ei, fi〉 are linearly independent product vectors for
i = 1, . . . , s. Note, that the vector (A2) depends on s complex parameters li for i = 1, . . . , s, whereas each of the s
vectors |ei〉, |fi〉 depends itself of n− 1 relevant complex parameters.
Let r(P ) = k1, and r(Q) = 2n− 1− k1. Since we want to prove the conjecture either for the edge state δ, or for its
partial transpose, without loosing the generality, we may assume that k1 ≥ 1. We may then single out one projector
out of P , and write P = P1 + |Ψ〉〈Ψ|, where P1 ≥ 0, r(P1) = r(P ) − 1, and |Ψ〉 is in the range of P We can choose
then |ei, fi〉 in such a way that Q|e∗i , fi〉 = 0, and P1|e1, fi〉 = 0. These are effectively 2n − 2 equations for vectors
ei, fi〉 which depend on 2n− 2 parameters, so that we expect the finite, but quite large number of solutions (c.f. [10].
At the same time, 〈ψs|Q|ψs〉 will become a quadratic hermitian form of li’s with vanishing diagonal elements. Such a
hermitian form has typically at least a two dimensional subspace N of negative eigenvalues for large s. But, one has
to fulfill also the last equations implied by 〈ψs|Ψ〉 = 0; this limit the values of li to a hyperplane, which should have
at least an one dimensional common subspace with the subspace of negative eigenvalues N . This proves that either
the Schmidt number of δ or of δTA is of the order of 1.
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